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Abstract
The Kardar-Parisi-Zhang (KPZ) equation in the d+1 dimensional space has been connected with
a large number of stochastic process in physics and chemistry. Therefore, the quest for its universal
exponents has been a very intensive field of research. In this work using geometric analytical meth-
ods, we associate these exponents with the fractal dimension of the rough surface. Consequently,
we obtain the exponents exactly for 2 + 1 dimensions and, for higher dimensions, we set theoretical
limits for them. We prove as well that the KPZ model has no upper critical dimension.
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2I. INTRODUCTION
For decades, the study of surface dynamics has produced a plethora of research in physics
and other related fields [1]. Under the statistical approach, the detailed structure of many
physical systems is abstracted and modeled in simple ways. Growth phenomena are widely
found in biology, chemistry and physics [1–5], and in fact, most dynamical processes have
some phase of growth. The statistical character of the evolutionary process leads us to an
inhomogeneous surface, described by a height h(~x, t), where ~x is the position in d dimensional
space, and t is the time. For the sake of simplicity, let us choose this space as a crystalline
hypercube of volume V = %d, being % = al the size, where the dimensionless parameter l is
the number of lattice space a.
Two important quantities deserve our attention, the average height < h > and the stan-
dard deviation of the surface height
w(l, t)2 =< h2(t) > − < h(t) >2, (1)
which is often called the surface width w(l, t) or roughness. The evolution of w(l, t) observed
through experiments, computer simulations and a few analytical results give us some general
features of the growth dynamics [1]. In this way, we can define the regions
w(l, t) =
ct
β, if t t×
ws ∝ lα, if t t×,
(2)
with ws as the saturated surface width, t× ∝ lz and the scaling relation
z =
α
β
. (3)
The attempt to describe the height evolution leads us to some main type of Langevin’s
equations such as the Kardar-Parisi-Zhang (KPZ) equation [6]
∂h(~x, t)
∂t
= ν∇2h(~x, t) + λ
2
[~∇h(~x, t)]2 + η(~x, t), (4)
and the Edwards-Wilkinson (EW) equation [7], which is the linear form of the above equation
with λ = 0. We have a surface tension ν associated with the Laplacian smoothing mechanism
and λ associated with the tilt mechanism. The character of the stochastic process is given
3by the noise ξ(~x, t), which in its simplest form obeys the fluctuation-dissipation theorem
(FDT): 〈
η(~x, t)η(~x′, t′)
〉
= 2Dδ(d)(~x− ~x′)δ(t− t′) , (5)
where D is the noise intensity. Moreover, the Galilean invariance yields [6]
α + z = 2. (6)
Equation (4) is the simplest nonlinear dynamics that can describe a large number of
growth processes [1]. Numerical solution of the KPZ equation is not an easy task, even in 1+1
dimensions [8, 9]. Exhaustive research [2, 10–13], lead us to some solution of the probability
of height distributions in 1 + 1 dimensions. Its importance is due to the connection with a
large number of stochastic processes, such as the continuum directed random polymer [11,
12], electrodeposition of metallic alloys on steels [3], etching mechanism [14–19], polar active
fluids [5], the dimer model [20], the single step (SS) model [21–24], which is connected
with the kinetic Ising model [22], the asymmetric simple exclusion process [21], and the
six-vertex model [25]. Some diversity of experiments have been reported to be described
by the KPZ dynamics [3, 4, 17, 26, 27]. Quantum versions of the KPZ equation have been
recently reported which are connected with a coulomb gas [28], in infinite temperature spin-
spin correlation in the isotropic quantum Heisenberg spin-1/2 model [29, 30], as well as
in quantum entanglement growth dynamics with random time and space [31]. Despite all
effort, we are still far from a satisfactory theory for the KPZ equation, what makes it one
of the toughest problems in modern mathematical physics, and probably one of the most
important problem in nonequilibrium statistical physics, for rewiews see [21, 23, 32–34].
II. THEORY
This work has as main objective to obtain the exponents (α, β, z) from first principle. We
show explicitly the connection between the Wolf and Kertész (WK) empirical relation [35]
and the Fluctuation-dissipation theorem (FDT). Since both fail for higher dimensions, i.e.,
for d ≥ 2, by redefining the FDT one recovers the WK relation and we obtain the roughness
exponent.
It should be noted that if we know one of the exponents (α, β, z), we can determine
the others from relations (3) and (6), in a such way that we will concentrate us in the
4determination of the roughness exponent α. The exact result of Edwards-Wilkinson [7] in
(1 + 1) dimensions for the saturated roughness was obtained as
ws =
√
cl, (7)
with c = D
4pi2ν
and l as the length. For the SS model in (1+1) dimensions Krug et al. [23, 24]
obtained a similar relation with c = D
24ν
.
We start now to generalize those results for KPZ in d+ 1 dimensions.Thus, by replacing
in the above equation l→ % = al, we can generalize the equation (7) as
ws = b
(
Dal
ν
)α
, (8)
where b is dimensionless. We can now perform a simple dimensional analysis for the KPZ (4)
and FDT (5) equations, whose physical dimensions are [ws] = [L], [ν] = [L2][T−1] and
[D] = [Ld+2][T−1], where [T ] is the time dimension. This follows that the dimensional
analysis determines the roughness exponent
α =
1
d+ 1
. (9)
It should be mentioned that this result for the roughness exponent was conjectured by
Wolf and Kertész [35] based on empirical results. Although it recovers the exact result for
1 + 1 dimensions (α = 1/2), it fails for d > 1. At this stage, we arrive in a controversial
result since our relation was obtained by rigorous dimensional analysis.
The FDT violation - Note that all parameters ws, a and ν have a well fix time and space
exponents, the only one which change with dimension d is the fluctuating or noise parameter
D and, thus, we expect some violation of relation (5). The violation of the FDT is well known
in the literature, in KPZ [6, 9], in structural glass [36], in ballistic diffusion [37]. A possible
explanation, for growth process, is that for d > 1 the FDT acts only at the interface, where
the space is strongly distorted generating a space of fractal dimension df . In this sense, the
FDT, Eq. (5) can be rewrite in the following manner:〈
η(~x, t)η(~x′, t′)
〉
= 2Dδ(df )(~x− ~x′)δ(t− t′), (10)
where d was replaced by df . Therefore, by dimensional analysis, we found a new expression
for the roughness exponent
α =
1
df + 1
. (11)
5The fractal geometry - The new FDT, Eq. (10), is then connected with the new WK
relation Eq. (11). Note that we have replaced the d+ 1 dimensional space by the new df + 1
space. Our main objective here is justly to present a new approach accessible to most of the
physicist and to explore it whatever we can to new results.
Growth occurs perpendicular at the height h(~x, t), at the interface between two geometric
media of dimension d, which implies that df can not be bigger than d, thus, we are led to
the restrictive relation
d− 1 ≤ df ≤ d. (12)
Note that for 1 + 1 dimensions both KPZ and EW result in the same α = 1/2 as it is
well-known [1]. This means that λ is not strong enough to affect α, but it is strong enough
to alter β and z. Moreover, since the minimum dimension that a fractal continuous curve
can assume is 1 for (1 + 1) dimensions, it necessarily implies that df = d = 1. This implies
that the interface line get stretched into a curve which is not a straight line, nevertheless its
dimension is still 1. In fact, it justifies the above argument which leads for the exact value
in d = 1 for EW and KPZ model. The above restriction imposes to the exponent α the
limits:
α+ =
1
d
≤ α ≤ α− = 1
d+ 1
(13)
Surface physics - The d + 1 dimensions for d > 2 is concerning with some important
problems in theoretical statistical physics. However, the most important dimension is obvi-
ously the 2 + 1 dimensions, which is connect with our surrounding universe. In this way, we
give a particular attention to this dimension and we obtain the exact KPZ exponents for it.
Firstly, let us consider the correlation function:
C(r) =
〈
[h(~x+ ~r, t)− h(~x, t)]2〉 ∝ r2α, (14)
where r is the modulus of the vector ~r with r < ξ, being ξ the correlation length and,
secondly, from the boxing counting method for surfaces, we have that [38]:
df = 2− α. (15)
and then combining the equations (11) and (15), we obtain the golden ratio, df = (1+
√
5)/2,
and the exponents as:
α =
3−√5
2
, z = df =
1 +
√
5
2
and β =
√
5− 2. (16)
6Therefore, the above exponents are the exact results for the 2 + 1 KPZ equation. It
should be mentioned that the best available numerical results in the literature are α =
0.383(8) [15] and α = 0.381(7) [16], which are close to our analytical result α = (3−√5)/2 =
0.381966011.... For d > 2, we have α within the limits, Eq. (13), as:
α =
2d+ 1
2d(d+ 1)
± 1
2d(d+ 1)
. (17)
Up to now, it is the best we can say.
Now, if we generalize the Eq. (15) for d+ 1 dimensions as
α = g(d)− df , (18)
we get for α:
α =
g(d) + 1−∆
2
(19)
with ∆ =
√
(g(d) + 1)2 − 4. This simple relation give us the exponents (α, β, z) for all
d. However, we do not know what g(d) is, for a while we just know that g(1) = 3/2 and
g(2) = 2, i.e., the exact values for d = 1, 2 and a formal expression for d > 2. Beyond
that, note as well that this value is not only for the KPZ equation, but it must occur for all
models that can be mapped into KPZ.
In addition, as d increases in the lowest order in 1/d the exponents become:
α ≈ 1
d
, β ≈ 1
2d
and z ≈ 2− 1
d
. (20)
Thus evidently these exponents rules out definitively the existence of an upper critical di-
mension for the KPZ universality class, that is, they change monotonically with d. This
asymptotic behavior for large d was suggested as well by Castellano et al. [39] based on
renormalization group approach. Now we have a strong proof. Note that some simula-
tions [18, 20] have extended the limit of a possible upper critical dimension, but this is
always limited by computer power and now we have one way to get analytically any dimen-
sion up to infinity.
Now we present some numerical work to support our findings. Fig. (1) shows the fractal
geometry for 2 + 1 dimensions and the method described to obtain the fractal dimension.
Already Fig. (2) shows the fractal dimension as function of the time (a) and number of
sites Ns = Ld (b) for the etching model [14]. Note that for 1 + 1 dimensions the apparent
value smaller than 1 is a finite size effect, as df (L → ∞) = 1. For 2 + 1 dimensions the df
7value is df = limL→∞ df (L) = 1.607(1). Again this value is very close to our exact result
df = 1.61803....
h1
h2
h3
h4
FIG. 1: The fractal geometry of the surface for 2 + 1 dimensions. The unit cell used to compute
the fractal dimension is highlighted, being h1 = h(x, y), h2 = h(x, y + ∆y),
h3 = h(x+ ∆x, y + ∆y) and h4 = h(x+ ∆x, y). For a fractal geometry, the total size of
the surface ST is given by ST ∝ ∆ldf−d [1], here ∆x = ∆y = ∆l.
In Fig. (3) we exhibit α as function of d. Note that the curves are guide to the eyes,
their values are defined only for integers d. The maximum possible value of α+ is given by
the upper curve while the minimum α− by the lower curve. All possible values of α must
be comprised between these curves. We can see that up to 4 + 1 dimensions the values fall
within the range described by (13). However, for d = 5, 6 all values fall out this range.
This is not surprise considering that for higher dimensions the difference α+−α− decreases
rapidly with d, as well the limitations in size and in the number of numerical experiments
decreases the precision, making it more difficult to lay within the range above. It is also
important to note that they diverge in different directions, since these are values for the same
exponent, at least one of them, we bet both are not precise. Therefore, better numerical
simulations are necessary for dimensions d ≥ 5. For large d there is no difference since the
curves collapse into a single one.
In Table I, we show some values of α obtained from using Eq. (11). For d = 2, we order
the α values from the highest to the lowest. It should be noted that for 2 + 1 dimensions,
our df = 1.607(1) obtained from Fig. (2), gives α = 0.384(1) for the etching model, very
close to the value α = 0.383(8) [15], α = 0.381(7) [16] and to the exact value. Indeed, the
result using the fractal geometry is much more precise than the previous work [18], with
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FIG. 2: Evolution of the fractal dimension, df , for the etching model [14]. The results were
averaged over the number of sites and also over different experiments. The number of
experiments are given by Ne = (1018/L)3/2 for 1 + 1 and Ne = (109/L)5/2 for 2 + 1
dimensions, in such way that a large sample needs a small number of experiments. In (a)
df as function of the time (in units of t×). The upper curve (2 + 1) is for a square lattice
of size L = 109 while the lower curve (1 + 1) is for a linear lattice with L = 1018. The
inset represents the behavior for a short time period in which the correlations have not
yet been built up and the condition r < ξ, for Eq. (14) does not apply. In (b), the fractal
dimension df as function of the number of sites Ns = Ld.
α = 0.369(8) and it takes less computational time since df versus the number of sites Ns
converges more rapidly. Consequently, this method is faster and more precise than just
fitting ws versus l as usual.
We have obtained the KPZ exponents for the 2 + 1 dimensions, the basic question that
remains is: what are the correct values for KPZ exponents for d > 2? However, this small
step is a great progress for three good reasons: first, it has been going on for more than three
decades; second, 2 + 1 dimensions are the most important for scientific and technological
application; finally, this work paves the way for a general solution for d + 1 dimensions,
because the equation (11) is general as well as the theoretical limits, Eq. (13), and the
suggested relation Eq. (19). Then, basically, one needs to get g(d). One naive possibility
is g(d) = d, which is fine for d = 2, but it is not in agreement with, for example, d = 3.
Another possibility is the empirical relation:
g(d) =
d2 + 2
d+ 1
, (21)
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FIG. 3: The exponent α as function of the dimension d. The upper curve is α+, the lower one is
α−. The shadow area is the region of possible values of α. The curves are guide to the
eyes, they are valid only for d integers. The upper points are simulations for the d-mer
model [20] while the lower points are for the etching model [18].
from which we find the exact results for d = 1 and 2. For d = 3, it gives α = 0.288927...,
which is between the values 0.280(7) [18] and 0.29(1) [20], see Table I. For large d, d  1,
the Eq. (18) becomes α = d− df , which is very appealing, since it shows that for large d as
α decreases df → d, i.e., less and less rough. However, we have been a long way to fail in
the temptation of empirical relations. The function g(d) must be determined.
III. CONCLUSION
Starting with the EW model, we have analytically demonstrated the empirical Wolf-
Kertész (WK) conjecture and its connection with the fluctuation-dissipation theorem for
the d + 1 KPZ equation. Significant data in the literature shows that the WK could not
provide precise exponents for d ≤ 2. We have suggested that both the FDT and the WK
relation can be recovered if we replace the integer dimension d by the fractal dimension
df of the roughness interface. This has also revealed us the existence of an unobserved
fundamental limit for the growth exponents, i.e. d − 1 ≤ df ≤ d, from that we conclude
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Values of α as function of dimension d
d 1 2 3 4 5
α+ [PW] 1/2 1/2 1/3 1/4 1/5
α [20] 0.395(5) 0.29(1) 0.245(5) 0.22(1)
α [15] 0.383(8)
α [PW] 1/2 (3−√5)/2 0.29(4) 0.23(3) 0.18(2)
α [16] 0.381(7)
α [18] 0.497(5) 0.369(8) 0.280(7) 0.205(3) 0.154(2)
α [39] 0.502) 0.360 0.284 0.238 0.205
α− [PW] 1/2 1/3 1/4 1/5 1/6
TABLE I: Values of α as function of dimension d. α± are the limiting values defined in the
Eq. (13). [PW] stands for Present Work, for 1 + 1 dimensions df = 1 and
α+ = α = α− = 1/2. For d = 2, we order the α values from the highest to the lowest.
The fourth line presents our main result, the exact values for d=1,2 and the limits for
d > 2, Eq. (17).
that for 1 + 1 dimensions df = 1, recovering again the exact result. We obtained the exact
exponents for 2 + 1 dimensions and we pointed the way for future investigations in the field.
As well, we have concluded that there is no upper critical dimension for KPZ. Finally, just
as the fluctuation-dissipation theorem is a fundamental tool in statistical physics, we hope
that the ideas presented here can be used in other areas where it fails.
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